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generalized active force for load 
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acceleration of gravity 
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aerodynamic rolling moments applied to helicopter and load, respectively 
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slung load mass 
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rear cable attachment points to helicopter and load, respectively 

angular velocities about helicopter body axes (roll, pitch, and yaw 
rates) 

forward cable attachment points to helicopter and load, respectively 

distance along k axis between helicopter c.g. and helicopter load 
attachment points 

inertial force for helicopter 

inertial force for load 

index variable for generalized speeds 

external torque applied to helicopter 

external torque applied to load 

inertial torque for helicopter 

inertial torque for load 

translational velocities along helicopter body axes 
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translational velocity of load c.g. in reference frame N 

3v 

ds 

longitudinal aerodynamic force of helicopter and load, respectively 
lateral aerodynamic force of helicopter and load, respectively 
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load angle of attack 

helicopter angular acceleration in reference frame N 
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rear cable longitudinal sway angle 
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incidence of load relative to helicopter 
load angular displacement about ej axis 
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helicopter yaw attitude 
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ABSTRACT 


The exact nonlinear equations of motion are derived for a helicopter with an 
external load suspended by fore and aft, rigid-link cables. Lagrange's form of 
D'Alembert's principle is used. Ten degrees of freedom are necessary to represent the 
motion of this system in an inertial reference frame: six for the helicopter relative 

to inertial space and four for the load relative to the helicopter. 


INTRODUCTION 


Civilian and military use of helicopters to carry externally suspended loads has 
resulted in dynamic instabilities being encountered at certain flight conditions. 
Previous research aimed at alleviating these instabilities has led to the development 
of cable angle feedback control techniques (refs. 1-3) and hydraulically powered 
mechanization of the suspension cable to fuselage attachments (ref. 4). Because of 
the mathematical complexity of the system, the kinematic models used therein have 
been developed either with the motion of the load relative to the helicopter linear- 
ized about a fixed operating point or with assumptions incorporated to simplify the 
relative load motion in one or more axes. 

It is desirable to examine the quality and validity of these simplifications and 
also to provide a reference from which additional simplified models may be developed 
for the purpose of further control law design and real-time piloted simulation. This 
report documents the derivation of this reference: a mathematical model of the heli- 
copter and slung load with as much fidelity to the physical system as possible. 
Specifically, the model consists of the ten-degree-of-freedom nonlinear equations of 
motion for a typical two-cable slung loac developed using Lagrange's form of 
D'Alembert's principle (ref. 5). All six rigid-body degrees of freedom (three trans- 
lational and three rotational) have been allowed for the helicopter. The load is 
suspended from the fuselage by two cables. Four rotational degrees of freedom rela- 
tive to the helicopter are allowed for the suspension/load system, considered in the 
analysis to be a nonholonomic system. The derivation is exact except for the assump- 
tion that the cables are massless, rigid links. 

The balance of this report is organized as follows: the main text contains a 

model description, a definition of applied forces and moments, a discussion of basic 
assumptions, the method of analysis, and finally the actual formulation of the equa- 
tions of motion. Several appendixes contain the appropriate details of each step of 
the analysis and the formulation. 


♦Currently employed at Electromagnetic Systems Laboratories, Sunnyvale, Calif. 


model description 
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heHcopter B.^ar^Ll^usJ^ Comprised of a 

frame »* - 

1, and I are fixL/^L^ifnta^Ln^rreference f^ H °5 tho8 ° nal unlt vectors t, 
given in terms of the conventional Euler anell* f rff? B relatlve to N may be 
rotations through angles ip, g, and /(appendix A) mechanlc8! successive 

at which central inertia quantities V BB l' 5® Center ° f raass of B is B*. 

ffiferetipfl f rom« is i • . X* % Bvt» » Bu » . AnH R j _ r j • 


N-B f + 

“ * pi + qj + rk 

N+B* 

v - ui + vj + wk 


( 1 ) 


( 2 ) 


flight mechanics S anIlysis. heliC ° Pter ^ 3X18 Velocit y components typically used in 

The incidence of the system at rest, 

angle between t, and t ln the f-f oil * elicopter is e E# and is defined as the 
attached it has been considered constant in thi^H ? is / lxed when the load is 
a . *. 4 , and R are defined as shown, p* p^o Constant lengths a, 

P° in ts. snown * p x» P » Qi» and Q locate cable attachment 

load system (C, F/fnrE^relativrto 8 ^! 7 The^th^ 6 ^ m ° tl0n of the suspension/ 
tionships (discussed in ref. 6) is particularly theSe an 8 ular rela- 

Reference frame C, in which c 7 i arly ef ficient and has been used here. 

with two successive rotations: *n and $ as 3 shown 1S ° riented relative to B 

detail in appendix A. The reference frliJ r* flgure 3 and Scribed in 

relative to B such that th r ' ci v a . Tr ^ T degreeS ° f freedom 

in equation (3): 8 C Vel ° clty of C relative to B may be defined 


B-*C 

0) 


nJ + kc 1 


(3) 


' J. 

It is a rigid body^in^which V as |^ a8 s spreeder bar and cargo, has mass center E*. 
inertia properties E, , E, E 0 and P tv 3 f ^ ixed§ It has mass m and central 

symmetry). The orientation of’ E relativ^to" B^f* *“1? b * en assumed negligible by 
sive rotations through angles r m nri j * 8 (fig* 4) results from three succes- 

n * S , has been defined U r’ “sene fh"e ah* d ? ,Cribed *” 

about J: co present the absolute angular displacement 


C 5 C + 0 E 
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Load E moves relative to B as in equation (5): 


where 


* oj + ve’ 4 6e x 


0*5 


Although the motion of E 'relative to B may be expressed in terms of three 
angular rates, only two are independent. From geometry (ref. 6) a nonholonomic con- 
straint may be found for v such that; 

v ■ v(fi,£.o,ntS.o) ^ 


APPLIED FORCES AND MOMENTS 


External inputs to the helicopter/slung load system consist of aerodynamic and 
gravitational forces acting at the mass center of each body, together with aerodynamic 
moments. 

Using conventional flight mechanics notation, and the forces and moments 
applied to B are: 

F B - X B 1 + Y b 1 + Z B S + Mgn 3 (8) 

* B = L B^ + m b 5 + N B ^ W 

Using equation (A4) to resolve F into the helicopter body reference frame, equa- 
tion (8) becomes: 

^ * (X - Mg sin 0)t 4* (Y 4 Mg cos 0 sin <j>)^ 4 (Z 4 Mg cos 0 cos <{>)& (10) 

Applied to E, the forces and moments are: 

^ * ^E e i + ^E e 2 + ^E e 3 + (H) 


fE ■ l E S ! + M E S * + "e'3 


frame: 


Using equation (A4) , $ E may be resolved into the helicopter body reference 


?E ' + <V t - c S c ; 8 v )Y E + < C S 8 ; + c ;Vv )Z E ' 8 9” 8)1 + <8 v X E + c « c v Y I 

• *6 c v Z E + c eV 8 >? + ( '‘.* ( *E + < 8 ; c s\ + V;> Y E + <‘ s t s 5 s v + c « c t )Z E 


+ CgC^mgJk (Footnote a) 
Z s y * sin y, c Y * cos y. 
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the JSSirS, 1 -STS “ ° £ “ ? *«» ae a function „ f 

lation of Equations of Motion section of this reoorf- fh * ^ and ^E* In t * le For '»u- 

load c - 

BASIC ASSUMPTIONS 

— a “'” Ptl ° na h “« I— — in the prob.om etate- 

reference frame the°lnertlal frame.™ 3 '' te ” e8le:ct ' ed ’ thus making an Earth-fixed 


2. Suspension cables C and F are massless and rigid. 


to thespreader^ber b " " 4 th< “ l ° ad « tlgidly attached, each 

of symmetry)^ Pr0<,UCtS ° £ E ” a " d S «. •« tern <!,-}, defines a plana 

e,uidi;ta« 1 r„T P E“ 1 :;„ng ta C e " C P ° 1,,tS *" e<!UldlStant f ™» B * along J. and 

METHOD OF ANALYSIS 

D' Alembert ^s^rinciple^s^developed^y^Kane J 7 ref USi " 8 La 8 ran 8 e ’ s *"» of 

as the generalized active and generalized ine^^ f^ 6 5 ’ Wlth F s and F * defined 
cxple (eq. 14) holds for a Ce ?V' e8P * !tlVely * * thia P rln ‘ 

in an inertial reference frame. * movin 8 with n - m degrees of freedom 


F + F = 0 
s s 


(s * 1 


» • • • 


» n - m) 


(14) 


■"*« the number Tl^hoLnom C °° rdlnateS < or generalized speeds) and 
For a rigid body, the generalized active force F s is (ref. 5): 

where ? and ? ‘ + ’ ’ ^ «>) 

*. z\l zzrr * the externai forces and *»*"■ -»**- t „ th e bed,. 

with re^c t J a !o“ll:ed° t sJe h :d Va£0 :^ t i^ | t ? e P ° ld ‘ ° f of 1 

and £ s is the partial derivative of th. - , l of Point of application of $/0s» 

applied with respect to generalized^oeed^^^Sl ° f the b ° dy to whi ? h * i* 


annii^ 'Z~7 or cne angular velocity 

pplied with respect to generalized speed a « a| 

Likewise, the generalized inertia force Fg is: 


of body to which T is 
applied . 
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; i) V “ 
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•r r«* 


F* - t* * V + ?* . z 
8 s s 


such that for the inertia force 1l* 


it* 

R* * -ma* 


vrhere in is the mass of the rigid body, a* is the acceleration of the mass center 
of the body, and for the inertial torque T* 

• a + (J • <$)x<!i (17 

where u> and a are, respectively, the angular velocity and angular acceleration of 
the rigid body. 

Finally, I is the inertial dyadic of the body 

J-i k=i 3 JR k 

where b x , b 2 , S 3 are unit vectors along lines about which the Ij k are taken. 

Specifically, for the helicopter/slung load system with two rigid bodies 
B and E: 

F s + F a (• - 1 - m) (18; 

helicopter load 

To further expand equation (18), consider that since the external forces applied 
to B and E ^act at the center of mass of each body, the partial translational 
velocities, v s , are taken at points B* and E*: 

F s + F* - f • "jf + t B . <•£ + J* B . + ? .B . IHtt 


'7 B + ?* B . N ; B 

s s. 


— 

helicopter 


+ * E • “: E + s* E • **j e ‘ + f * E . "j 13 = o 


(s ■ 1, . . . , n - m) (1 

FORMULATION OF EQUATIONS OF MOTION 

Eleven generalized speeds (translational and angular velocity components) have 
been used to describe the motion of this system: 

s - u,v,w,p,q,r,fi,£,6,v,6 




( 20 ) 


One nonholonomic constraint. 


( 5 ) 


may be found, resulting in a system with ten degrees of freedom. 

In this derivation the system (although holonomic) has been treated as being 
nonholonomic, in which the (nonholonomic) constraint (eq. (5)) has been substitute 
for v prior to the kinematic analysis. To write the ten equations of motion 
(cq. (19)), it is necessary to determine, for each rigid body, the angular and trans- 
lational velocities, partial velocities, angular and translational accelerations, and 
finally the inertial forces and torques. 


Nonholonomic Constraint Equation 

To express v in terms of the independent variables: ft, L i ’ 

consider the physical constraint that the forward cable, F, is a rigid link of length 
i\ This may be expressed mathematically by saying that the magnitude of the distance 

between and Q is always ».'* 


|q i — q| = | -R^ - at + lift + ?c 3 + a'ej 


9 ' 


( 21 ) 


Resolving the expression to reference frame B, and squaring each side of the equa- 
tion gives: 


V. 


I 2 


4 + 4 + 1 + T Vr, - H- + T" < c vVs% - Vv ■ c ?VvV ■ — 

Differentiating equation (22) and solving for v gives the necessary constraint 
equation (ref. 6): 


(22) 


v = Z x n + Z 2 C + Z 3 o 


(23) 


whe re 


Z, = 


C C + ~~ (c c c r c + c r s c s ) 

e Q 1 v v C C n 5 n v 5 


1 ’ ' 2 r- v t + ¥ <Wt,% + 8 e c v - WvV 


£ 

2a 


S- S - + - c t , v + *££££ 


"* -; ¥v t /T <Wn + Vv- Wt> 


^ ■=„», + ff - ‘r.VvV 


’’ " Vr, + ¥ < a vVt\ + s t c v - c tVA> 


(Details of the solution for this expression are given in appendix B.) 
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Angular Velocity 


relative t o Inertial apace - The angular velocity of the helicopter in 

the inertial reference frame was given in equation (1). 


Load relative to inextlal space - Relative to the helicopter body frame, the 
angular velocity of the load was defined in equation (5) or, after substitution for 
the nonholonomic constraint; 


B-»-E 

11 1 *■ 0 


■ ( j| + (Z x n + Z?f, + Z 3 6)e' + Ae, 


(24) 


N+B 


Since »> is known, the angular velocity of the load relative to inertial 
space may be found: 


N'>E N+B . B- p E 

01 ■ 0J + lil 


pt + (q + 6)“j + r£ + (Z^ + Z 2 l ^ Zj6)eJ + £e a 


and resolving to reference frame E with equations (A9) , (A10) and (All): 
N-*E , , . + 

o, = {c v c^p + s v q - c v s r r + s v o + 6} Sl + { (s^ - c^s^p + (c 6 c v )q 

+ (8 C C 6 8 v + V C )r + (S 6 Z l )f) + (a 6 Z 2 ^ + <Vv + s 6 Z 3 )5} °? 

+ {(C 6 S ^ + c c s 6 8 v ) P + (- 9 6 c v>* + ( - s r, s 6 s v + c 6 c ^ r 
+ (c^Z^f, + (c 6 Z 2 )C + (-s 6 c v + c 6 Z 3 )6)e 3 


(25) 

(26) 


(27) 


Translational Velocity 

Helicopt er mass center - Equation (2) defines the translational velocity of the 
helicopter mass center in the inertial reference frame. 


Load mass center - Using the kinematic law which relates the translational veloc- 
ities of two points on a rotating rigid body, expressions may be written for the 
translational velocities, relative to reference frame N, of cable attachment points 
Pi and P, and load mass center E*: 


where p 


B*-Pi 


N;>Pi _ N-*B* , N+B *>B*-Pi 
v = v + ai x p 

is the position vector from B* to Pj = ~a/lt + Rlt 

- N ? P ‘ + x ? P >- P 


I *^p 1 — p 4 

where p = 


N^E* N+P , N->E -*-P-E* 

V » V + u) x p 


(28) 


(29) 
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( 30 ) 


f * 


where p P E * (a'/Z)^ + he^. Substituting expressions for *^v Bl and ^v P into 
equation (30) gives: 

N v E * - N v B * + N + B x ti B *-Pi + x ^Pi-P . N+E . +P-E* 

V « V T 0) x H T (i) y P r T 0) y p 


(31) 


which, after expanding cross products and collecting terms (appendix C), given equa- 
tion (32) when expressed in the helicopter body reference frame: 

^ d.'iA - !■ + (« + *V.i - f c v fl r. - lm t , s S a v * hc 4 c ,.)l + - Y + h Vv) r 


["VS, +(£%♦ 1, “* c v) z » c t] f ' + [- 


0S r S + 

f. n 



i + hs r c 

v 6 \ 


(- T \ + h V\)v,J' 

) z » c ,] 5 


y.c ,-c +“ 

C 8 + 

hs s.s 

“ he i c 

(, n 2 

V C, 

C 6 v 


c s . s lr + 

/ a* 

1 “nT C 

+ hs . s 

|z n 

c * w 

V 2 v 

6 \J 

f i 


[" tc f. + (t c v + hS 6“i) Z .] ; + (t c v + hs 6 s ) Z ^' 1 + (' hc 6 c v)'}l 

(*' 8 f, hs «'\) P + (f ' * c c*n " T V t ‘ bt 6 s r. 


+ 

+ fv + 


- h V« 8 *) q + ["* c c s n + (r 

+ (r s , - hs 6 r ) 5 r Z ,] f ' + [(f 

]” + ( 


S - !1S X C 

v 6 v 


- he s,s 
C o 


hs.c, - hs c,o 
o c v 6 c 




) s r Z i] r * + [- Js c 

)• 


s - hSj.c Is Z — — c c_ - hc..s 
V 6 \J c 3 2 v c 6 c 


(32) 


N-*E’ 


Using the transformation matrix Eg from equation (A12) , v may be expressed in 
the load-fixed reference frame: 


N v E (e^e.,,^) = Eg N v B (?,!,£) 

Load angle of attack and sideslip angle may then be defined: 


(33) 


Ug = tan 


-l 


Bg = sin 




fN+E* -> 
v • e , 

N->E* “ 

v • c. 


j+E* + 
v • e, 

c 

i^T 


(34) 


(35) 
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\r 
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Partial Derivatives of Velocities 

hnHi«I he ^ Par J iai < J erlvatlves of angular and translational velocities for the two rioiH 
bodies are given in equations (36)-(75), r tne two rlgid 


n-+b a*v» 

u 3u 

(36) 

N*B* 9 N v B 
u * 3u 

(46) 

N-*-B _ 

OJy - ° 

(37) 

N-*-B* * 

v ■ j 
v J 

(47) 

N-+B 

“v 0 

(38) 

N-+-B* ;*■ 

v ■ k 
w 

(48) 

* 

w » i 
P 

(39) 

N+B* . 
v p - 0 

(49) 

N-*B -f 
w q " J 

(40) 

N+B* . 

v * 0 
9 

(50) 

N-*-B ^ 

co f = k 

(41) 

^ B *-0 

r 

(51) 

N-*-B n 
co. ■ 0 

n 

(42) 

N+B* 
v. =0 

(52) 

ef 

yf*r*W 

II 

O 

(43) 

- 0 

(53) 

N-+B . 
“4 B 0 

(44) 

N-*B* 
v <$ * 0 

(54) 

N-*B 
a). -* 0 
0 

(45) 

N-*B* 
v, =0 
0 

(55) 


N+L _ 
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N-+L 
w v " 0 


N+L . 
o) « 0 
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N+L , + 

“p “ (c v c C )e i + <V ? " c 6 c C s v )e 2 + < c 6 8 C + C c s 6 s v )e 3 

N+L / -«► ^ 

■ <\>«i + <Vv> e 2 + <-8 { c u )J J 

N+L , + 

“r * <-V;> e > + <V«\ + V;K + <- e Vv + Vc> J . 

N^*L _► 

“f, ’ <*«V* a + <«=«*!>«, 





N+L , „ v + , „ v -> 

^ " (s 6 Z 2 )e ? + (c 6 Z 2 )e : 


N+L 


M 6 " e l 


N+L 


9 v®l + (c 6 c v + S 6 Z 3 ) ®2 + <" s 6 c v + C «V®> 


( 63 ) 

( 64 ) 

( 65 ) 
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V 6 C/ y K 2 V 6 x) 
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C n 2 v c 


- hc,s, - hc„s.s lk 

6 c ? « v 


N+L 

V 
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N+L 

v 


t* = ( ts c - T 8 v + hs « c -) 1 + (• I + Vn + T Vt + h<: « 8 c + hc s s 6 s v)j 
1; ■ ['Vn ■ (t V? • MV?) 2 ] 1 + [(t % + "Vv) 2 .] 1 
+ ['Vn + (t V? - MVr) 2 .] 5 ' 

\ ’ [- ,s E s n - (t V? ‘ MV ?) 2 ,] 1 + [-‘ c { + (r c v + h Vv) Z iJ I 

+ [- t8 S c n - 1 (t V; - MV ?) 2 *] 1 


N+L 


N+L* 

V. 

0 


(-hs r s x + h Si c x c r )t + (-hc 6 c v )l + (-hs x c r - hc x s r sj£ 


C 6 v 6 C 


J f V. . IIV. pO J 

6 c 6 c v 


[+ 

•t-f 


( 66 ) 

( 67 ) 

( 68 ) 

( 69 ) 


( 70 ) 

( 71 ) 


( 72 ) 


( 73 ) 

( 74 ) 
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VC C <5 v 6 c 


c c - he x s _ - hc.s.s 

vc i ? 4 6 


(t V? • MVt ) 2 ,] 1 + [(r S + h v) z ]l 

v + (t S V 8 C ■ hs 6 c v a t) Z j]^ <7 
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Angular Acceleration 

Helicopter relative to Inertial space- To obtain N a B , the angular acceleration 
of rigid body B In reference frame N, N J B Is differentiated with respect to time^: 

N.N*B B.N+B jT _ 0 

» u d u . N-*-B 

~~dt~ + V* “ 


dt dt 

p£ + ql + rlc 


(76) 

(77) 


Load relative to inertial space- In a similar manner, N a L Is obtained by differ - 

0 


N-*L 

entiation of to : 


_ N.N+E E.N+E .... JT „ 
N+E _ d to d to M/S-^ 

° ~t ~ + “ 


(78) 


Expanding the above gives equation (79), where the Z A are functions of l, a, and 
a', and trigonometric functions of n, £, S, and v. (See appendix D for an explicit 
definition of the Z^.) 


N-*-E 


pn + 

Z !S P? •» 

' Z 24 P ° + Z 2S q + Z 26 qfl + Z 27 q * + 

Z 28 q6 + Z 2 9*‘ + Z 30 rf| j 

32™ 

+ 2 SJ 3 

+ Z 34 no + Z 3S Co + Z 36 o 2 + Z 37 6}e 1 + {z 3e p + Z 39 pf, j 

m p 6 

+ Z 4! P« 

+ Z 43 q + Z 44 qfl + Z 45 q * + Z 48 q6 

+ z 47 q 6 + Z 48 f + z 49 rf, 

1 

si rd 

+ z sa r « 

+ Z„n5 + z 54 f, 2 + Z 55 nd + z„Vi 

+ Z 57^ 2 + Z 50*° + 2 59 C 

61® + Zg j 

+ z t! {« +z 6 ,4«}I 2 + {z 6 5 p + z 66 

Pn + Z 67 p C + Z ge pa 

70 q + Z ?1 qri 

+ Z ?2 qC + Z ?3 qo + Z ?4 q6 + Z ?5 r H 

■ Z 76 r * + Z 77 r ^ + Z 78™ 

80** 

+ Z 8X^ 

+ Z 82 W + Z 83 q + Z 84^ + Z 85* 6 

+ Z 86 C + Z 87 o 2 + z 88 o 


+ z e9 n6 + Z 90 C6 + Z 91 66}e 


(79) 


Translational Acceleration 

Helicopter relativ e to inertial space- N a B *. the translational acceleration of 
B* in N, may be found by differentiating *v B with respect to time: 


N+B* N d N+B* B d N+B* , N+B N+B* 

® dt V dt v + “ x v 


(80) 


b x Y^Z 

d to /dt denotes time differentiation in reference frame X, of Y to Z , 
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a 






N*B 

a 


(u - rv + qw)t + (v + ru - pw)} + (* - qu + pv)k 


(81) 


i„ a d relative to inertial space- The acceleration of the load mass center may be 




found by differentiating v : 

N+E* M Ji NjE* . ^d N+E* + N+B x N+E* 
a dt dt 

Expanding equation (82) gives (83) 


(82) 


N->L 

a 


{ u - rv 


• 2 + Z 98^ + 


z i oo q ° 


+ qw + Z 92 q + Z 93 f + Z 94 pq + Z, 5 pr + Z 96 q 2 + Z 9? r 
c + Z m ,« + Z U! rf| + Z,„ri + Z 10 ,rd + Z 1( ,r« + Z llt n + Z 1( ,n ! + Z... 

* t 

+ Z ns 


+ Z 109^ + Z 110^ + Z 1H W + + Zll3 ° + Zl1 ** 62 + Zl15 

J2 + Z ll9 *Ol + {v + ru - pw + Z 120 p + Z 121 r + Z 122 pq + Z 123 qr 

+ Z 127 p? + Z 128 pd + Z 129 p6 + Z 130 rn + Z 131 r£ + Z 132 


+ Z fi 
118 


6 P ^ 


+ Z 12 S r2 + Z 1 2 6 
+ Z l33 r6 + Z 13 ^ + Z 13S n 

3 n6 + Z 144 l« + Z 145 66 + Z 146 6 2 + Z 147 ‘<S)1 

z i S3 q 2 + Z 154 pn + Z 155 pl + Z 156 


y* + z n7' 
+ z 124 P : 

rd 


M 


,66 


n 2 + Z 136 hl + Z l37 ? + Z 138 l 2 + Z 13 ,no + Z 140 ^o + Z 14 


+Z 142 d 2 +Z i43 f 


+ Z 1 3 7^ 

+ {w - qu + pv + Z 1 


+ Z 149 q + Z 150 pr + z 151 qr + Z 152 p‘ 

+ Z i6i^ + Z 1 6 2 + Z i63 1 

x n6 + Z 172 


+ Z 157 P6 


»« + Z l58 qP 


p + Z i59 q ^ + Z xeo' 


+ Z 16S^ + Z 166^ 2 + Z 167 f ' d + Z 168^ 6 + Z 169° + Z 170' 


> 2 + 

Z 160 q5 + 2 1 6 i q ^ + Z 1 6 2 " q + Z 16’ f1 ' 

6 2 + Z, 71 


i p o 


^ + Z 1S4^ 


• • 


+ Z 173 66 + Z 174 6 2 + Z 175 6}£ 


Inertia Forces 

R* B and R* E , the Inertia forces for the helicopter and load, respectively, can be 
defined in the following equations; 


,NtB 


fc* B o -M^a 


(84) 

(85) 


Inertia Torques 

The inertia torque, $*, was defined originally as: 


si + 

as • a + (1 • w) x w 


(17) 
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Helicopte r - The helicopter Inertia dyadic, ? B , may be defined as follows: 

, 86 > 

j-x k-1 J Jk k (86) 


(87) 


“ (1b x - *\,>* + tfyl + tf» B - 

since B X y ■ By z ■ 0. Also, in «.i.ls formulation: 

N 

B xz " " I) (88) 

(ref. 5) which is the negative of the standard definition of a product of inertia. 

The helicopter inertia torque, $* B , is calculated as follows: 

f* B - -? B . "2* + (? B . x ** 

- (-B X P + + B y ,r + B xz p, - fibril + {-B y < - B„pr - B^Cp* - r ! ) + B.prtf 


+ (B xz f " V + Vi - » y P1 - B x2 <ir)S 


(89) 


(90) 


and 


T * “ {Z 278P + Z 27 9 P 2 + Z 280P9 + Z 28lP r + Z 20 2 P* + Z 283 P5 + Z^pd + Z^pd + 

+ z 2 879 2 + Z 288 qr + Z 289 qn + Z 290 q$ <• Z 29l qd + Z 292 q6 + Z^f + Z 2gif r 2 + Z 295 rfi 

+ Z 296 r ^ + z 297 rd + z 298 r5 + Z 299 nC + z 3 0 0 f,o + z 30 i n 2 + z 302 n + z j03 £ 2 + z^co 

+ Z 3 0 5^ + 2 3 0 6 P 2 + Z 307° + Z 3 O0^ + Z 3 09^ + Z 3 10^ + Z 31 l’ 6} ®l + t Z 3 i 2 P 

+ Z 3 X 3 P 2 + Z 3 mP9 + Z 3 i5 pr + Z 3l6P f| + Z 3i7 P^ + Z 3i 8 PP + Z 3X9 P« + Z J20 q + Z 321 q 2 

+ Z 322^ + Z 32 3^ + Z 324^ + Z 3 25^ + Z 3 26^ + Z 327 * + Z 320 r2 + Z 3 29^ + Z 3 30 ^ 

+ Z 331^ + z 332 r6 + z 3 3 3 nC + Z 93l> f,d + Z 3 3 s fi 2 + Z |Je n + Z 937 £ 2 + z 9 98 & + z 3S9 c 

+ Z 3^ 0 P 2 + Z 341° + Z 342*« + Z 343«« + Z 344*« + Z 3 45^>®2 + ^ Z 3 4 6 P + Z 3 4 7 P 2 (93) 

(Eq. ( 93 ) continued on pg. 14 ) 
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Load- The load inertia dyadic, t, is given in equation (92): 
t * - e s E,j)S + <e 2 E 2 )e 2 + (S.E, - t.E,,)?, 

J* E . -f E • “S E + <? E . E ; E ) « «t E 


(91) 


(92) 


. rrx r zrrrr- 


^ * 




+ Z 3H6 pq + Z 349 pr + ZjjpPn + Z 351 p| + Z 3S2 pd + Z 38 3 p 6 + Z 351f 4 + Z 35 S q 2 + Z 35g qr 

+ 2357^ + Z 358^ + 2359^ + Z 360^ + 2 36 1 i + Z 362 r 2 + Z 36 3 rfi + Z 3 g 4 r£ + Z 3g5 rd 

+ Z 36 6 r ^ + Z 367^ + Z 36 8 fl5 + *,■*** + 2 Jy# n + Z ,,^ 2 + Z „ o 0 + Z„,£ + Z„ u 0 2 


3 7 X 


372 


373 


+ Z 37S 5 + Z „ £ W + z ,„5« + *...«« + 2..J}e 


376 


377 


378 


379 


’374 

( 93 ) 

Concluded 


Equations of Motion 

The ten equations of motion may be written using Lagrange's form of D'Alembert's 
principle, equation ( 14 ). Expanding equation ( 14 ) for this system gives equation ( 19 ), 
where the ten generalized speeds were chosen as in equation ( 20 ). The final ten equa- 
tions are given here, with the Z i defined in appendix D: 

X B t h Y £ z e 

u (m + M) + (m + M) c v c $ + (m + M) * 8 6 S 5 “ c 6 c ? S v^ + (m + M) ^ C 6 s c + c t; 8 6 s J 


m 


t Z 92$ + Z 93* + Z 9»P < 1 + Z 9 S P r + Z 96 < i Z + Z 97 r2 + Z «> 8 <tf 


- g 3 e + rv - qw - i*„ 

+ Z 99^ + Z 100< 6 + Z 101^ + Z l02 rfl + Z 103 r ^ + Z 104 rd + Z 10S^ + Z io*" + Z 107^ 
+ Z 108^ + Z 1 0 9 + Z 110^ 2 + Z m W + Z 112^ + Z 113° + Z 114 52 + Z 11S^ + Z U6^ 

+ Z n^ + Zn.S* + Z,,.*] 


'lie' 

X. 


( 94 ) 


v = 


V B , *E . Y E Z E 

(m ■+ M) (m + M) S v (m + M) C 6°v (m + M) S 6 c v + gc 0 S <t> ru + P w ( m + M) 

t z i20P + Z i2i* + Z 122 pq + Z 123 qr + Z 124 p 2 + Z 125 r 2 + Z 126 pn + Z 12?P S + Z 126 pd 

+ Z 12 9 P 6 + z i 30 rf > + z i3i r ^ + Z i 32 rd + z 133 r * + Z 134 fi + Z 135 n 2 + Z i36 nC + Z 13? C 

+ Z 138? 2 + Z 139^ + Z 140^ + Z 14l° + Z 142° 2 + Z 143^ + Z 144^ + Z 14S^ 

+ Z 146^ 2 +Z 147 ^ ( 95 ) 
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nZy 


... _ Z B *E . Z E 

W ' ‘ wv - ■ *“ C S - + * **' + ®A C r) + 7TT»A (“ 8 »- 8 * 8 *, + c aO 


(m + M ) (m + M ) w v “ 5 T (m + M ) v V* B v v ° 6 V T “(m + M ) l " V« 8 v + W 
+ qu - P V + gc 0% - [Z 14fl p + Z 149 4 + Z 150 pr + Z 151 qr + Z 152 p 2 + Z^q 2 

+ Z 1S4 pfi + Z lss p£ + Z 156 pd + Z 1S7 p6 + Z 1S£ qn + Z 159 q? + Z^qS + Z^qfi + Z^n 

+ Z 163 f|2 + Z 164 ^ + Z 165 *^ + Z 166^ 2 + 2 1 6 7 ^ + Z ^^6 + Z -,° + 2 ,^ 2 + Z ,„, n 6 


168 


160 170 


171 


+ Z 172 C6 + Z 173 66 + Z i74 6 2 +Z,„6] 


1 7 S 


(96) 


V ■ L B + B xx* + <B y - V’ 1 + B xx p ’ + Z s.3 X E + Z l.s Y E + Z i.» 2 e + 2 .. ! m e + 23,64 


+ Z S67 M e + Z 3ee N E + 2,,, 1 + 2 SS0 V + Z s>1 * + Z J9! rv + Z 383 ,« + Z 3S4 ru + Z J3s pw 


+ Z ,,,’“ + Z „7 pv + Z 3 98 P ♦ Z 33,4 + 2,80* + Z^.Pq + Z 403 pr + Z 49 3 qr + Z„„ 4 p 


402 * 


40 3 


4 04 * 


+ Z 40S« 2 + Z 4 0 6 f2 + Z 407 Pf > + Z 408 p ^ + Z 409 P ° + Z 410 P * + Z 411^ + Z 412^ 

+ Z 413^ + Z 414^ + Z 41S rfl + Z 416 r ^ + Z 417 ^ + Z 418^ + Z 419* + ^20^ + Z 421^ 


+ Z 422 W + + Z u,J + Z ,.«* + Z.3 + Z ih + Z. 


■422 " • -42 3 '’ ' "424- ’ “415- ' “426^ T “ 4 27 SU T “428° + Z 429° + Z 430° 6 


+ Z 43!* +Z 432^ 


(97) 


B q » Mb - B x pr - B^p 2 - r 2 ) + Bor + Z. 39 X E + ZY. + Z * + Z hU ,mg + Z|illl L t 


y o X XZ >r ' Z r 4 39 E 440 E 441E 442 0 ' ~443~E 

+ Z * 88 M E + Z 883 N E + Z 8 , 8 4 + Z .. 7 * + Z *„* + 2 * 8 ," + Z ,,„ P » + Z.^tU + Z^pW 

+ Z * 5 = 1 U + Z *5*P V + 2 * SS P + z , s ,4 + z 4! ,i + z 4!e pq + z 4!3 pr + Z 460 ,r + Z 4 sl p= 

+ Z *63 , ' ! + 2 *„ p! + 2 464 pn + Z 4 „pi + Z 4ee PP + Z 46 ,pS + Z 46 ( qf, + Z 4S9 ,{ 

+ Z * 7 . ,,S + Z .,. , ’ i + z *, 8 rfl + 2 , 7 j p « + 2 4?4 rS + z 494 ti + z 4?e fi + Z 497 ^ + z 47 i f,c 

+ 2 „, 9 M + z 9t9 ni + Z 4(l 5 + z 49 S 5 2 + z„..io + Z...JS + z .„3 + z. ..i 2 + z. __ii 


463 


4 84 


485 466 


487 


+ Z. . .6 + Z.._6 


i 2 


488'' “489 


(98) 
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"«* ' “b + V + (B * • V P ’ • B «" r + Z *9.*E + Z 991 V E + Z „. 2 Z E + Z .S,“B + Z ,„I- E 
+ Z 9 9S M E + Z 996 N E + Z »97 4 + Z .9« 4 + Z *99* + Z IO« rV + *„,*• + + Z S1 ,P« 

+ Z 50*1 u + Z S0SP V + Z Stt^ * Z 507 4 + Z 90e f + Z 50 9 P I I + Z S10 P r + Z J31 qr + Z tl2 P ! 

+ z si! q ! + Z si ,r 2 + Z 51s pn + Z sle P5 + Z sl7 pJ + 2 J1( pi + Z !is qfi + Z, !t q? 

+ z »9> + Z 9 !! q« + z 9 2s rt + Z „*P5 + Z t!5 ri + 2 !!£ r8 + Z J27 n + z S2 „i, 2 

+ Z . 2 .*« + Z J9« M + W* + Z „ 2 « + Z S1S 5 2 + Z !31l «a + Z.,.U + Z...0 + 


5 35 


+ Z 939 M +Z 59. :j ' + Z Sl , 5! 


Z 6 2 
5 36 S 37 

(99) 


Zsl * 7 ' 2 " Z 599 X E + Z 599 Y E + Z SS0 Z E + Z 55i mg + Z SSS M E + Z 9SJ N E + + Z 55S^ + Z 356* 

+ Z 997 rv + z ss.q“ + z s! 9 r “ + Z !t „pw + Z M1 qu + Z !£! pv + Z J(J f + Z sm 4 
+ W + Z 5, S P1 + Z S6 ,PP + Z !6 ,qr ♦ Z !is p 2 + Z !7( q 2 + Z^r 2 + Z J7J pf, 

+ Z !7! PC + Z s7 ,p4 + Z S7S P« + Z J7t qri + Z SJ? q( + Z, qo + Z ,i + z. 


580 


+ Z >.l r 5 + z s 82 rS + z 999 ri + z „»** + z se5 "« + + Z...n« + z 


586 


587 


586 


+ Z S99« ! + Z S9t 55 + Z «91** + Z !97 il + Z S 93° 2 + Z !S *° 4 + Z ,9,3 + Z 5 9 6 « ! 0°°) 

z 9o.« ‘ z s„i x e + We + z 60) z e + z 607 »g + z SJ5 m e + z sts n E + z el7 i + z £ os 4 + z £is w 

+ Z 919 tV + W” + Z tl2 ™ + Z 61! P*< + Z sl7 qu + Z 615 P» + Z 61t p + Z S17 4 

+ W + Z .l 9 pq + W' + Z 621 qr + Z^p 2 + Z^q 2 + Z^r 2 + Z £2s pf, 

+ z s !t P« + z 62 ,pq + z 62 ,p« + Z S25 qn + Z (J0 q5 + z 631 qd + z 63! ,5 + z t33 rn 


636 


6 37 


+ z 9* 2 {i + z 9»9 54 + z e,»« + z ,„« + W* + *,„»« + Z 3 + Z 6 2 (101) 


*2 

n 

+ Z 

636 

639 

6 2 

+ z 

646 

647 


640 641 

’648^ + Z 649 - 
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Z 653^ " Z *Kk^E "*■ Z r«r^E + ^rrr^p ^-..ing + Z L„ + Z-..U + Z * + Z + Z. 


. rv 


'654"E ^ **6 8 8 *E T 656 E 6 5 7^ ' “658~E ' **6 59^ ' "660‘ ' -661" ~662’ 

+ Z 663« W + Z 669 rU + Z 66S PW + Z 666« U + Z 66 7 P V + Z 66 fi P + Z 669* + Z 6 7 0* + Z 67lM 

+ Z 672 pr + Z 673 qr + Z 67 „p 2 + Z 67fi q 2 + Z 67fi r 2 + Z 67? pfi + Z 6?8 p£ + Z 679 po 

+ *18.* + z 6 81^ + Z 6fl2^ + *•..** + *••*** + Z 688^ + Z 686^ + Z 6 87 r<5 

+ Z 688 r « + Z 68 9* + Z 6 90^ + Z 691^ + Z 69 2 ™ + Z 693^ + Z «oJ + Z fia J 2 + Z_Jo 


699 695 


+ z + Z o + Z 6 2 + Z„66 + Z 6 2 

697 698 699 700 701 


696 
( 102 ) 


Z 7tl° " Z 71S X E + Z 71» V E * Z 711 Z E + Z 712 m * + Z 7 1 8 L E + Z 71» M E + Z 715 N E + Z 7ie“ + Z 717 * 

+ Z 7ia* + Z 719 rV + Z ,7. < 1” + Z , !1 r “ + Z ,2 ! P“ + Z , 2S <1“ + Z 72 ,P» + Z, 25 P 

+ Z 729< + Z 727* + Z 72.P’ + Z , 2 ,P r + Sjo’ 1 + Z „/ + Z , 32 ^ + Z„,r S 

+ Z ? 3.PP + Z ,a,P« + Z „,P 4 + Z , 3 7 P 4 + *,„«* + Z, S ,<15 + Z „,,<! 4 + Z 7 „,« 

+ Z 7M rf > + Z ,43 r 5 + Z 7 ,,* 4 + Z „ 5 P« + Z „ s ^ + 2,^7,“ + 2 74s n{ + Z 74s M 

+ Z 73 . fi4 + z ,3i5 + z „ 2 5 2 + Z 75! sa + + Z 7SS 0 ! + z ;se di + 2 7S7 « ! 

(103) 


+ Z 73.« 


CONCLUDING REMARKS 


Using Lagrange's form of D'Alembert's principle, a mathematical representation 
has been developed of a helicopter carrying an externally suspended load. Ten degrees 
of freedom are necessary to represent the system's motion in an inertial reference 
frame: six degrees of freedom for the helicopter relative to inertial space and four 

degrees of freedom for the motion of the load relative to the helicopter. 

In this analysis, the suspension cables have been considered to be massless, 
rigid links. An extension of this work might be the development of a twelve-degree- 
of- freedom model in which the suspension cables are permitted to be slack or to have 
elastic properties at appropriate flight conditions. This consideration would be 
particularly realistic when modeling a load which develops its own lift. 
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appendix a 

REFERENCE FRAMES 


Helicopter B Is oriented relstl ve tn m u ji.L . , 
liuler angles Of, 6 and d>, Usine internw*fH + « tli ree successive rotations through 

t f. ? and V, }•? !• ar?«Ld ;S2 BrenCe v^ 68 B " and B ’ *" «hich 

f inures A1-A3 end presented " Ratio’s (a“- ah ° Bn lndl ’' ld ““ 11 >’ 



Figure Al.- Orientation 
of reference frame B" 
relative to N. 



Figure A2.- Orientation 
of reference frame B* 
relative to B". 




c 

-s 

0 


c e 

o 

s_ 


* 


0 

1 

0 



" 8 ( 

0 

c. 



(Al) 


(A2) 



Figure A3.- Orientation 
of reference frame B 
relative to B\ 


J 

& 



° 4' C 9 

(c <P a e 3 <p ~ 8 l / ) c 

(c <P s d c 4> + %%) 


C 

-s 



% c e 
( Ve 8 <t, " 
% s e c 4> * W 



(A3) 


(A4) 


successive rotations, ^hese^re^llustrated 13 ! 6 ’fJ 8 locatad relfl t i ve to B by two 
tions (A5)-(A7). illustrated in figures A4 and A5 and in equa- 
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11,11 






k eg 

Figure A4.~ Orientation 
of reference frame C' 
relative to B. 



c n 0 

0 1 

8 n 0 



0 





Figure A5.- Orient at iou 
of reference frame C 
relative to C'. 



(A5) 


(A6) 


(A7) 


Rotations through three successive angles 5 , v, and 6 define the orientation of 
reference frame E relative to B. This is shown in figures A6-A8 and in equa- 
tions (A8)-(A12) . 



(A8) 


Figure A6.- Orientation where 5=0+0. 
of reference frame E* E 
relative to B. 



Figure A7.- Orientation 
of reference frame E" 
relative to E* . 



(A9) 
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Figure A8.- Orientation 
of reference frame E 
relative to E". 


ro 


■ 


m 

e. 


c c 

8 

-8 C 

* 


C v 

V 

C v 

' * 2 | 

► - 

(8 t 8 « ' c ;Vs> 

V6 

<Vv c S + c ; 8 «> 



(S C, + C 8 s.) 

-c s* 

( - C 8 v 8 S + V« J . 

3 j 


5 5 5 v 6' 

v 6 


Likewise, using the transformation matrix E„: 

D 



<1 


t 



Vv <V« - c C V«> 

8 v c v c 6 

;Vv <Vv c 5 + Va* 


( Vs + c r 8 v 8 6 ) 
_C v S 6 

( - S C S v S 6 + V«> 



(All) 


(A12) 
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APPENDIX B 


SOLUTION FOR NONHOLONOMIC CONSTRAINT EQUATION 


o rljd °‘ L 4 ' "• '■ md f ' xpr ‘' fi " th0 foru ' ,rd »» 


|“Rk - al + Rk + £e 9 + a'e^ “ | Q | ■ V 
i-al + Hc e » n I - , ? J + c^K) + a-(c v c t I + a v } - c^S) | . 

|<-a + «c 5 a n + a'c v c,.)l + <-«a 5 + a'a v )J + ((c^ - a'c « )t| . <• 


( 91 ) 

<B2) 


(B 3 ) 


Squaring both sides yields: 

,2 _L n 2 _ 2 _ 2 


+ £ c 2 s 2 + a' 2 cjc 2 - 2 a*c c a n - 2 aa'c v c ; + 2 a’ ic^c^ + £ 2 s 2 - 2 a* 


+ a' 2 s 2 + £ 2 c 2 c 2 - 2 a’£c,c c s + a , 2 c 2 s 2 - »' 2 


* «*W w a 

5 n K n v s ■ - -v _ ; 

fl< + a ’ 2 + ' 2aiC 5 s n ' 2aa ' c v c c + 2a, *< c v c ? Vn ‘ Vv - c C c n c vV " *’ 2 


(B 4 ) 

(B 5 ) 


ai + ali 
z 2 z 2 


2 a 


2 aa' 


4- 1 - — ~ » *aa , 2 a 1 , 0 i2 

* ' ~ C + ~ (C V C r C f 8 r, - 8 r 8 „ ‘ c r c C O " ~ 


* rn a 2 


V?Tn Cv ^VvV 


(B 6 ) 


Differentiating with respect to time will give a nonholonomic constraint for v: 
[ " ( V Cs n + c iK ] " f(- 8 v )^ c + V(-s c )l +^fl tv(-s v )c ? c 5 s n + c„ 6 (-s r )c 


n s n 


+ c c £(-s f )s_ + 


^'V 8 n + V 5 V c n “ “ V c v - 5 ( -V c n c v 8 c - c ^<‘ 8 n )c v 8 £ 


’ c $V ( “ 8 v )8 ? ‘ c c c n V c J " 0 (® 7 ) 


* - 2 x n + zA + 2,6 


(B 8 ) 


where : 


'1 - 2 aa 


- 2 a 2 a’ 

1 C g C n t i 


C '- C - + (C u C r C f C n + C r S n C »i 8 r) 


2 a 


v C C n 5 n v c 


£ 

2 a 


V t + — <W 5 \ + S 5 S - C 5 VA> 


(B 9 ) 


2 a’ 


Z 2 - 


■ «..Vn + t KViVV.^V.y,) 


~ 2 aa’ 2 a’ . 

l 2 ‘A + ~ ( Vt c !‘n + s £ c v - VnVt> 


(BIO 


7»y 
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V 


2 aa' 2a' , . 

— r — c a„ + —7— (-c a c r a •* c r c c c ) 

£ 2 vc «, v c t n r, n m 

" ~2aa' 2a' “ ' 7 

— a c + —T— (a c c p a + a r c - c r c a a,) 

o 2 vc «■ v c £ n tv tnvc 


(Bll) 
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APPENDIX C 


CALCULATION OF N v E * 


To calculate • consider the relationships among the inertial velocities of 

points Pj, , P, and E*: 

NJP, . HjB* + UjB x |B*-Pi ( 2 b: 

+ V « ? p ‘- p (29: 

Nj E * . H? p + *«= , ? p - E * (30 

and substituting (Cl) and (C2) into (C3) : 

BjE* . HjB* + NJB x ? B*-P! + BjC „ ? P.-P + NjE „ |P-E* <31 


where : 


N v B ■> ul + vl + w& 

N u3 B * pi + ql + rl 

fB*- p l . - £ 1 + „s 


N-*C B*B , B-*C 

U) * 0) + GO 


pt + ql + rl + rj + Cc x 
(p + Ic^)! + (q + n)l + (r - 


,-P 


te $ 8 T? ‘ + £c C c n* 


N+E N-*-B . fr*E 

U) ■ U) + (D 


pi + (q + 6)1 + rlc + (Z 1 n + Z 2 C + Z 3 a)eJ + 6e 1 

(p + ZjS^n + z 2 b ^ + Z 3 8 ^ + c v C C^ + (q + 6 + s y $)l 
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1 
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P - y e x + he. 
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c r + + hc_s x s 

? 5 ? c { V 


+ hc 6 cjk 


-) 1 + (T 8 v - hs 6 c v)l + (- T 


c 8 - hB 8.8 
v C C S v 


Expanding the individual cross products in equation (31) and collecting terms gives 

V ! 

v . ? B ‘- p - . (pi + + * . (. | i + r5 ) (cl0) 

- -Rql + (-Rp - | r ^J + S qt (CH) 

^ - ?Pl P ' 1 (P + c n bz + + ">1 + < r - %C)5] * Uc 5 s n l - * s? } + jus^t] (C12) 

- ‘"5%" + V + Vn* - Vr,* 111 * t-*= { c n p + u ?v - tc {tf 


+ |-<s ? p - !c sV - tc 5 . n f, - *3 5 c n {)it 
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N-*-E *P-E* 


[(p + Z lS? n + z 2 s ? c + Z 3 s ? 6 + c v c 6)1 + (q + 6 + s 6)1 


+ (r + z > v + v e « + z 3 v - [(t 

\ / . t L\ 


V? + hc 6 8 ; 


+ V^v) 1 + ( t \- hs « c v )l + (- T V t * h V«% + I’Ve)*] 

{(- 7 V; - h V« s v + h V C )’ *(■!•/ h Sj c v )r 

+ (• T s v + h, « c v)v c A + (- f S V + "VvKv + [- T V C 


(C14) 


" h3 C 8 6 S v + hc 6 c c + 


(‘ T s v + ta 6 c v) c C Z »] 5 + (hc 6 V v - hs 6 s Vli 


A + h8 C S 6 S v ’ hc 6 c J 


+ l T c v +h Vv 


+ (-hc 6 c v )6 


+ hs.s ] 

6 vJ 


8 - hs x c I 

v 6 vJ 


A + hc 6 S C + hc ? s 6 s vj r 

,U fe c v + hs 6 s v )z 3 d 


A “ hc 6 S c “ hc c s 6 s v) q 
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" 2 V?; ' hc 6 S C ' hc C Vv 
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-f 

+ * 
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> 


+ h Vvl 
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+ Ic^s + ~- C c 
5 n 2 v 5 

5 
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}* + (t C v + h Vv) 2 1 * + [- 2 = s * c v „ 

+ (t c v + h Vv)V + ( ~ hc 6 c v )i}l +|w + ^-*8^ +y- 8 v - hs 6 c v ^l 

(f - Vn ' T V t - »Vc ' hc ? Vv) q + [-, ri + (f a „ - >>Vv)Vi] f, ' 
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cVv ] 6 + (-hs 6 c ; - hs v c 6 s ? )i}s 


8 r z s - " 7 - c c - hc„s 


C » 2 




- hc_s 


(C16) 
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APPENDIX D 


DEFINITION OF Z ± PARAMETERS DEVELOPED IN DERIVATION 
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~ Vs + — ( Vc c c 8 n + Vv ’ VnV(> 


2a 2a 1 
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Z 13 
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2a 2a 1 
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2a* , 
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„ 1 T 2aa* , 2a' , , xl Z 7 T 2aa' 
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S v C n V c' 


] 


_ 1 f 2aa' . 2a’ , . .1 Z 7 fZaa’ 2a' , 
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s c _s 

C £ n 
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S n V c 7 
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Z 20 " Z 3 
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z 2 3 - - s v c r , Z 2 
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Z 2 e “ C V Z 3 
Z2 9 - - Vc 
Z 30 = \*£ x 


27 









Try 


Zge 
Z59 
Z 6 0 
Zei 
Z62 
Z6 3 
Z 6 <+ 
Z 6 S 

Z 6 6 

z 6 7 
Z 6 8 
Z 6 9 

Z 70 

Z 7 1 
Z 72 
Z 7 3 
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Z75 

Z 7 6 
Z77 

Z 7 8 

Z79 
Z 0 (j 
z ei 
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■ -s.c 

6 v 
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0 V 3 


-c.c 
6 v 


-8 S.S + C.C 

; 5 v 6 { 

-s s.c Z 
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" S C S S c v Z 2 

~ s S S 6 c v 2 3 • Vs\ - V; 
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c S (Z s + z i z ,i + z i z „> 
c S«i. + 2 i z u> 
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c,Z u 

6 14 

c . (Z + Z Z ) 
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Figure 1.- Configuration of helicopter/slung load system. 



Figure 2.- Geometry of helicopter, cables and slung load at rest. 




